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Abstract: Abstract: In this paper, two-dimensional heat equation with Neumann boundary condition is
presented and separation of variable of partial differential equations, double Fourier series and residue
theory was employed for solving the problems. The obtained result provided exact analytical solution of
the cosine function. However, the method is easier to implement. In case one (1) , two (2) and three (3)
the results obtained using residue theory is the same as the other methods of solving ordinary
differential equation, in case one (1) and two (2) the analytic solutions are trivial, while case three (3)
the solutionsiis not. It is found that the technique is a powerful mathematical tool which can be extended
to sciences, engineering, and Technology problems.
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1. Introduction
Joseph Fourier a French mathematician and physicist best known for initiating the study of

Fourier series with applications to the theory of oscillating system and heat transfer (Tracy,
2017).

The study of heat equations refers to the transport of energy in a medium due to the
temperature gradient (de Assis, 2017).

The theory of heat equations was first developed by Joseph Fourier in 1822; Heat is the
dynamic energy of particles that are being exchanged and is connected with the study of
Brownian motion. The one, two and three-dimensional wave equation was discovered by
Alembert and Euler. The solutions of heat and wave equations have attracted the attention
of various authors in mathematics, such as the optimal Homotopy asymptotic method
(OHAM), the modified Adomian decomposition method (MADM), the variational iteration
method, the differential transform method (DTM), the Homotopy perturbation method
(HPM) (Hassan et al, 2019)
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Homotopy Perturbation Method (HPM) for solving one-dimensional heat conduction
problem with Dirichlet and Neumann boundary conditions was proposed, the study reveals
that more accurate result was obtained in the numerical techniques. The work is been
extended in finding analytical Techniques two-dimensional heat equation with only
Neumann boundary condition (Cheniguel, 2014).

In the field of engineering, analytical techniques can be used to classic heat transfer
problems with regular geometric boundaries, analytical method it's difficult to apply in
solving the mathematical and physical equations in the non-orthogonal boundary of
irregular domains. Analytical method can be applied in the separation of variable, the
integral transformation method, Green’s functions method and the conformal mapping
method, and the analytical method it’s hard to solve in the irregular domains and it is
easier to analyze a different physical phenomenon and it's less time consuming compared
with the numerical method (Fan. et al., 2013).

Cortazar et al. (2006), Propose that the solution of the common Neumann boundary
condition for the heat equation can be approximated by a solution of a sequence of nonlocal
Neumann boundary value problems, the studied also reveals that the solution of the family
of problems converge to a solution of the heat equation with Neumann boundary
conditions.

Studied of Finite volume method was used to solve the transient partial differential
equation for Heat transfer in two dimensions with initial and boundary conditions of mixed
Dirichlet in a rectangular field and the numerical result reveals that the solution is exact
(Hasnat et al, 2015).

Saeed 2015 investigate the analytical and numerical solution of one-Dimensional a
rectangular Fin with an Additional Heat source. The study also investigated the influence of
the heat source on the temperature profiles and the fin efficiency was discussed in the case
of the heat source s = 0 for the wide range of parameters (M).

Heat conduction phenomena with appropriate boundary conditions occur often in several
areas of science and engineering (Kainat. et al., 2009)

Ivanchenko presents an analytical solution for the convection-diffusion problem in a
cylindrical domain, with the use of separation of variable method in the polar coordinate
system.

Hoshan (2014) Present Greens and Dual integral equations for solving inhomogeneous
two-dimensional heat equations in cylindrical, spherical and other coordinate systems and
the result is obtained with the method of Greens and Dual integral equations.

Power-series-expansion technique to solve approximately the two-dimensional wave
equation, the technique is useful for a finite body of certain shape geometry. Recurrent
formulas for the wave polynomials and their derivatives are obtained in the Cartesian and
polar coordinate systems. The result is the derivation of the formulas for the wave
polynomials that satisfying a heat equation and their derivatives. The Method is a
straightforward for solving heat equations in a finite bodies, and it is also useful when the
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shape of the body is complicated, both in Cartesian and polar coordinates the result
obtained show that the obtained approximate exact solutions are very good (ARTUR 2005).

Method of superposition and separation variables is applied to improve analytical solutions
to the transient heat conduction for a two-dimensional cylindrical fin. The temperature
distributions are generalized for a linear combination of the product of Bessel function,
Fourier series and exponential type for nine different cases. The solutions can be used to
prove the two- or three-dimensional. (Ko-Ta, et al, 2009).

Studied of two-dimensional heat transfer problems in cylindrical coordinates using finite
difference method, the study also reveals that the finite difference method is effective in
solving the problem of heat transfer in cylindrical coordinate (Mori, 2015).

Analytical and numerical methods were used in the correlation of the solution of two-
dimensional steady-state heat conduction, and the result obtained shows that the finite
element are in good agreement with the analytical values and solution reveals that it can be
effectively used to more complex thermal problems (Suresh, 2018).

Thus the main goal of this paper is to apply the method of separation of variable, double
Fourier series and Residue theory for two-dimensional heat equation problem with
Neumann boundary condition.

2. Methodology
2-Dimensional heat equation

Cartesian coordinate

ar KE;?XJ f’i% we put T(x, ,t) = X (XY(y)e(t)

ot oy

1d%X, 1d% _ 1dr_ 2
X dx Ydy2 kT dt

say) Where ,uzis separation constant, (be

real
Then 7 = Aie K,uzt
2
1 1deY
EV—W % - p?(say)
2 2
d ;( + p2X =0 and d—;+q2Y=O
dx dy
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X = Acospx+Bsinpx and Y =Clcosqy+ Dlsinqyand o’ =p’-p°

T(x,y,t)=(Acospx+Bsin px)(Clcosqy+ D,sin qy)A:Le_"“2t

—K,uzt

T(x,y,t)=(Acos px+ Bsin px)Ccosqy + Dsinqy)e Where C=C,

1A, D=DiA

The boundaries of the rectangle 0< x<a, 0< y<bare maintained at zero temperature. If
att =0, the temperature T has prescribed value f(x,y) show that

t >0, the temperature at a point within the rectangle is given by

T(xy,2) % Z Z (m, n)gng?ggng%gew Where
f(m,n):fﬁf(x y smEm—EssmEh—Bjxdyandyrm = Em: EEE

Solution

2-
a_T:K 212-+a—12- O<x<a,0<y<b,T>O
ot 0X y
)=

T(x,v,0)=f(x,y), 0<x<a, O<y<h, t>0

(0, ,t) (ayt)= O<y<b, t>0
T(x0,t)= f(x,bt)=0 0<x<a, t>0
The solution of the equation is
T(x, y,t) = (Acos px+ Bsin px)(C cosqy + Dsinqy) e ** Where 12 = p?+o?
T(x,y,t)=0 and T(x,0,t)=0
A=0 and| = OthusT(x, y,t) =BDsin pxsinqye""‘2t
Also the boundary condition T(a, y,t) = OandT(X, b,t) =0,sinpa=0,sngb=0, p= % and

=z respectively, where m=123--- and n=123,---
a

Hence using the superposition principle
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o o 2
)= 5 5 An T BT s e, = o <L

b2
Finally, the given initial condition implies

e e . 7 1. [OnXz
_%;%Sngﬂ; ES”E b E

From this it clearly that it represents a double Fourier series particularly the sine series, to
obtain we use orthogonal double Fourier series and SO

22 7 . [ONXm
———IJ’ f xysmgn:l E&n@nb @xdy

Hence the require solution is

T(Xy)=n;; mnsnEmX”EaB 7 Hew

Ob O

T(x,y)= ZZ mnsmEmZ N7 Hewét Where

O Ob O

F(mn)=A_ :%EJ;D f(x, y)sinEMEsinén%ﬂ@xdy

] a

Cauchy’s method for solving ordinary differential equations by residue theory was
presented and to find the general solution for linear homogeneous differential equations
with constant coefficients

Cauchy's technique for solving differential equations make use of buildup math was
acquainted and with locate, the general solution for linear homogeneous differential
equations with constant coefficients

n n-1 '
agy tay +--ta  y+apny =0
(1)
Where @, =1 and a 1 =123,--- are given constants.

Theorem 1
Consider the differential equations with constant coefficients.
n n-1 '
y +tay “+--ta,qy+tapy=0 (2)
Let f be an arbitrary function of the complex variable z, whose zeros do not coincide

with the zeros of the polynomial

g(z)=2"+ alzn_1 + azzn_2 +o-+a, 17+ap

(3)
Then the general solution of (4.2.2) is given by
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()= 3 e
0oz

(4)
We now show that (4) is a solution of the homogeneous differential equation (2). We
assume that

F (x)e™ C
y=2resq——7~ [
7oz
Then
' ¥ (x)e” C
y=resg—— ~—-Z[
dolz) L
. Df(x)ezx oL
y'=xresg——7~—Z [
dJolz) L
K OF (x)e™ «C
y =>resig——~—z [ (k =1,23..n)
o2 €
Hence
yn +a1yn_ +ootag qy'+any (5)
Df(z)ezx nU Df(z)ezx n—1 U Df(z)ezx U Df(z)ezx[
=YResg——F~—z [fryq2Resg——F7~—2z T[gttaq2Resg— ~yZ[ftanxResg—— v
dod 0O do O delz) O 0ol ¢
Df(Z) X[ n n-1 |:| Df(Z) 7X [
=> Res e \z +taqz “+---+a,qz+an )= > Res e g\z
T b ez an s Res e )

Since f(z) is analytic. Thus, (4) is indeed a solution of (2), i.e. (4) is a general solution

3.
4. RESULT

Problem 1 : solve the equation u, :cz(uxX +uyy)0<x<7z, O<y<zt>0
u(x,y,0)=x(z-x)y(zr-y) 0<x<z, O<y<z
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u,(0,y.t)=u (7 y,t)=0, u,(x0,t)=u,(xz,t)=0

T X Y and X =Rand ¥ =P O X"-XR=0and Y"-PY =0
AT x|y 9y Y

CASE1: R=#>0
X"=2X =0 O X(x)=ce™+c,e™
X'(x)=Ace™ - ic,e™ X(0)=0 and X(r)=0the solution s trivial.
CASE 2:R=0
X"=0 0O ¢x+c,and X(0)=0, X(z)=0 the solution is trivial
CASE3: R=-4<0
X (x) = ¢, cosAx+c, sin Ax
X'(x)=-Ac sinix+ Ac,cosix  X'(0)=0 O ¢,=0 and X'(7r)=0 0 A=n
Xn(x) =, cosnx
Y"-PY =0
CASE1: p=4*>0
Y'-2Y=0 Y(y)=ce”+ce 0 Y(y)=Ace” - ic,e™
Y'(y)=0 and Y(z)=0the solution is trivial
CASE2: p=0
Y'=0 0O Y(y)=gy+c,andY'(y)=0 and Y(z)=0 the solution is trivial
CASE 3: R=-4*<0
Y(y)=c,costy+c,siny
Y'(y)=-Ac sindy+Ac,cosdy Y'(0)=0 O ¢, =0, Y'(z)=00 A=m

Ym(y) =c,, cosmy it follows that

T —c(n2+m?
ﬁ:n%m2 0 T(t) = elr)
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00 00

u(x, y,t) = C,,, COSNXcosmye

—czt(n2+m2)

x y0 = m COSNX CoSMy

_ 4 _a(-mmE _ _
Con = ?Jjﬁ X(ﬂ - X)y(fr - y)cosnx cosmydxdy = EEeT—— using double Fourier series

nm

n+m+2

u(x, y,t)= ZZ cosnxcosmye”

o (n2 +m2)

Problem 2 : solve the equation u, = (uxx +uw)0<x<7z, O<y<zt>0
u(x, y,0)=x O<x<z, O<y<z
u,0,y,t)=u, (7 v,t)=0, u, (x0,t)=u,(xz,t)=0

l_X—+Y7andX7:Rand YVZPD X"-XR=0and Y"-PY =0

T X
CASE1: R=2*>0

X"-22X =0 O X(x)=ce™+ce™
X'(x)=Ace™ - Ac,e™ X(0)=0 and X(r)=O0the solution is trivial.
CASE2:R=0
X"=0 0O ¢x+c,and X(0)=0, X(z)=0 the solution is trivial
CASE3: R=-#<0
X (x) = ¢, cosAx+c, sinAx
X'(x)=-Ac sinix+ Ac,cosix  X'(0)=0 O ¢,=0 and X'(7r)=0 0 A=n
X, (x)=c, cosnx
Y"-PY =0
CASE1: p=4*>0
Y'-2Y=0 Y(y)=ce”+c,e™ 0 Y(y)=Ace” -ic,e™”
Y'(y)=0 and Y(z)=0the solution is trivial
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CASE2: p=0

Y'=0 O Y(y)=gy+c,andY'(y)=0 and Y(z)=0 the solution is trivial
CASE 3: R=-#<0

Y(y)=c cosdy+c,sindy

Y'(y)=-Ac sindy+Ac,cosdy Y'(0)=0 O ¢, =0, Y'(z)=00 A=m

Y, (y) = c,, cosmy it follows that

m

; =n?+m? 0 T(t)= et

u(x, y,t) = .. cosnxcosmye ")

n=1 m=

u(x, y,0) = 2 20,““ cosnxcosmy
= _J' J’ y cosmydxdy = (— —1]usmg double Fourier series

u(x, y,t) nizi—)cosnxcosmye )

5. Conclusion

This paper has aimed to construct an analytic solution to the two-dimensional heat
equation problems with Neumann boundary condition using separation of variable of
partial differential equations and double Fourier series, then residue theory was employed
to solve the homogenous differential equations. On Solving an analytic solution to the two-
dimensional heat equation problems with Neumann boundary condition using separation
of variable of partial differential equations and double Fourier series gave the exact
analytical solution of the cosine function. However, In case one (1), two (2) and three (3)
the result obtained using residue theory is the same as the other method of solving ordinary
differential equation, case one (1) and two (2) the analytic solutions are trivial, while case
three (3) the solutions is not .It is worth mentioning that the technique and ideas presented
in this paper can be extended to finding the contact problems encountered in sciences,
engineering, and Technology.
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