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Abstract: Stock exchange exhibit changes in variance over Ɵme because of the volaƟlity. VolaƟlity is a measure 
of dispersion for a given security or market index.  GARCH model is most effecƟve model in modeling and 
forecasƟng a volaƟlity in financial series return but it’s widely known that GARCH model is normally distributed 
and financial series return generally exhibit a non-normal characterisƟc and it cannot capture influence in each 
variance. In this research we modified GARCH(p,q) model with log-normal distribuƟon and recommend procedure 
for selecƟng an order of model with the distribuƟon is not normal. The result shows that GARCH model with log-
normal outperformed the GARCH(p,q) with normal and generalized error distribuƟon base on the MSE and AMSE 
because they have the minimum values and minimum informaƟon criterion.  

Keywords: GRACH, ARCH, Log-Normal, volaƟlity, staƟonarity. 

 
 

 INTRODUCTION  

Stock market exhibit changes in variance over Ɵme. in such circumstances, that the 
assumpƟons of constant variance(homoscedasƟcity) is inappropriate. The variability in the 
financial data could very well be due to the volaƟlity of the financial market. More importantly, 
the extended financial market as well as globalizaƟon due to the markets is known to be 
sensiƟve to factors such as rum ours, poliƟcal upheavals and changes in the government 
monetary and fiscal policies (Usman et. al., 2018).  (Bollerslev, 1986) Introduced the 
Autoregressive CondiƟonal HeteroscedasƟc (ARCH) model process to cope with the changing 
variance and also extended the Generalized Autoregressive CondiƟonal HeteroscedasƟc 
(GARCH) model which has a more flexible lag structure because the error variance can be 
modeled by an Autoregressive Moving Average (ARMA) type process. Such a model can be 
effecƟve in removing the excess kurtosis. There have been a great number of empirical 
applicaƟons of modeling the condiƟonal variance (volaƟlity) of financial Ɵme series by 
employing different specificaƟons of these models and their many extensions. VolaƟlity is 
defined as a measure of dispersion of returns for a given security or market index in Ɵme 
series, financial data generally exhibit a non-normal characterisƟc but typically leptokurƟc and 
exhibits heavily tall behavior. To solve these problems, several soluƟons were employed for 
the distribuƟon. Some of these literatures are (Liu, Lee, and Lee,2009) he examined the 
performance of volaƟlity forecasƟng on daily prices of Shanghai and Shenzhen composite 
stock indices using (GARCH (1,1) models with N and SGED). Their results confirm that the 
GARCH model with SGED is superior to the GARCH model with normal distribuƟon. Also 
(Chaiwat, 2013) develop a GARCH model with six different error distribuƟon and compare with 
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the normal distribuƟon. The results indicate that GARCH(p,q) models with non-normal 
distribuƟons outperform GARCH(p,q) models with a normal distribuƟon. In the same vain 
(Lingbing &Yanlin, 2017) develop a GARCH model with tempered stable distribuƟon and 
compare the model with normal, student-t and GED distribuƟons using S&P 500 daily return 
for Australia. They argue that the tempered stable distribuƟon outperforms the normal, 
student-t and GED distribuƟons also, (Khushnoor, 2019) used three set of error distribuƟon 
for comparing the predicƟve ability of GARCH (1,1) model i.e. normal, student-t and GED 
distribuƟons. He found that GARCH (1,1) with generalized error distribuƟon outperform for 
capturing the volaƟlity of Flying cement industry.  Amiratul et al (2020), developed a GARCH 
model with Novel Fuzzy Linear Regression Sliding Window (FLR-FSWGARCH) model and 
compare the model with normal distribuƟon. The result shows that GARCH (1,1) with fuzzy 
Linear Regression Sliding Window (FLR-FSWGARCH) model outer perform best. 

 METHODOLOGY 
Generalized Autoregressive CondiƟonal HeteroscedasƟc (GARCH) Model  

 Generalized GARCH model was proposed independently by Bollerslev (1986) and Taylor 
(1986) as  it adds the lagged condiƟonal variance (σ௧ି௝

ଶ ) to the ARCH model as a new in the 
GARCH model. The Generalized ARCH (GARCH) model also reduced the number of esƟmated 
parameters. And it’s given by  

𝜎௧
ଶ = 𝛼଴ +  ∑ 𝛼௜

௤
௜ୀଵ 𝜀௧ି௜

ଶ  + ∑ 𝛽௝
௤
௝ୀଵ 𝜎௧ି௝

ଶ  - - 1 

Where 𝜎௧ଶ will be replaced by ℎ௧  

ℎ௧  = 𝛼଴  +  ∑ 𝛼௜
௤
௜ୀଵ 𝜀௧ି௜

ଶ  + ∑ 𝛽௝ℎ௧ି௝
௤
௝ୀଵ -  - 2 

ℎ௧  = 𝛼ଵ𝜀௧ିଵଶ  + ……+ 𝛼௤𝜀௧ି௤ଶ + 𝛽௝ℎ௧ିଵ + …...+ 𝛽௣ℎ௧ି௣- 3 

Where ℎ௧  is the condiƟonal variance and 𝜀௧ି௜
ଶ  is the past squared residual return also  𝛼଴>0 

,𝛼௜>= 0, 𝛽௝>= 0 the above is GARCH(p.q) model. 

 GARCH model with non-normal error distribution 

The incompetence of the tradiƟonal GARCH model to capture volaƟlity for some stylized fact 
for return series is widely known. The most outstanding disadvantage for the tradiƟonal 
GARCH with normal error distribuƟon is that, those distribuƟons areunable to capture the 
influence of each variance in the observaƟon. And alsofails to capture stylized properƟes of 
underlying Ɵme series. Various non-normal error distribuƟons have been suggested to solve 
these problems. The modificaƟon of GARCH model with alternaƟve non-normal error 
distribuƟon. many studies have been conducted previously to model and forecast volaƟlity of 
the return series. Some previous studies are presented below; Also (Chaiwat, KosapaƩa, 
rapim, 2013) develop a GARCH model with five different error distribuƟon and compare with 
the normal distribuƟon. The empirical results indicate that GARCH(p,q) models with non-
normal distribuƟons outperform GARCH(p,q) models with a normal distribuƟon based on the 
three emerging indices from Thailand, Malaysia and Singapore.  In same vain, also (Lingbing 
Feng &Yanlin Shi, 2017) develop a GARCH model with tempered stable distribuƟon and 
compare the model with normal, student-t and GED distribuƟons using S&P 500 daily return 
for Australia. They argue that the tempered stable distribuƟon outperforms the normal, 
student-t and GED distribuƟonsAlso (Khushnoor Khan, 2019) used three set of error 
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distribuƟon for comparing the predicƟve ability of GARCH (1,1) model i.e.normal, student-t 
and GED distribuƟons. He found that GARCH (1,1) with generalized error distribuƟon 
outperform for capturing the volaƟlity of Flying cement industry.  Researchers aƩempted to 
incorporate heavy tail distribuƟons into GARCH models by adopƟng a variety of non-normal 
error distribuƟons. The comparisons of compeƟng GARCH models with complicated error 
distribuƟons on the performance of volaƟlity forecasƟng have been examined but this issue 
remains interesƟng. In this thesis, we will use lognormal distribuƟon for the GARCH error term 
distribuƟon and compare with the gaussian distribuƟon and generalized error distribuƟon. 
This thesis will not only be focused on the GARCH (1,1) model but also invesƟgates whether it 
is more appropriate to fit the returns series of emerging stock markets into a higher order 
GARCH model in order to forecast the volaƟlity of financial Ɵme series.  

 Simulation on Order Determination  
We can use simulaƟon in order to choose the order of the GARCH (p,q) model under non-
normality assumpƟon. The set of observaƟon for lognormal has a size of 2,000. The simulaƟon 
started from GARCH of order (1,1), (1,2), (2,1), and (2,2) respecƟvely. These four GARCH 
models are considered as the true GARCH models with error distribuƟons menƟoned above. 
Where 
𝛼ଵ = 0.3 
𝛼ଶ = 0.01 
𝛽ଵ = 0.5 
𝛽ଶ = 0.02 
 
The four sets of parameters in the true GARCH(p,q) models from EquaƟon (3.5) are iniƟally 
set as follows: 
 
GARCH (1,1) model  
ℎ௧  = 0.01 +  0.3𝜀௧ିଵଶ  + 0.5ℎ௧ିଵ 

GARCH (1,2) 
ℎ௧  = 0.01 +  0.3𝜀௧ିଵଶ  + 0.5ℎ௧ିଵ + 0.02ℎ௧ିଶ 

GARCH (2,1) 
ℎ௧  = 0.01 +  0.3𝜀௧ିଵଶ  + 0.01𝜀௧ିଶଶ  + 0.5ℎ௧ିଵ 

GARCH (2,2) 
ℎ௧  = 0.01 +  0.3𝜀௧ିଵଶ  + 0.01𝜀௧ିଶଶ  + 0.5ℎ௧ିଵ + 0.02ℎ௧ିଶ 

The observaƟons of each true GARCH(p,q) model are used to build up a model that assumed 
the normal error distribuƟon. Coefficients in all models must be significant. Then, the AIC 
criterion is used to idenƟfy whether the order of GARCH model conƟnue to correspond to the 
true models. If the order of each fiƫng GARCH model corresponds to the true GARCH model, 
it indicates that the order determinaƟon in each GARCH model with non-normal error 
distribuƟon is valid. 
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 RESULT AND DISCUSSION  

Table 1: ADF unit root test with respect to sample sizes for normally distributed data. 

 
Sample  size  Test values  Lag order  p-value   Hypothesis Decision  Remark 

 
200  -5.737  5  0.01 Unit root Reject (H0) StaƟonary 
400  -7.7001  7  0.01 Unit root Reject (H0) StaƟonary 
600  -7.6697  8  0.01 Unit root Reject (H0) StaƟonary 
800  -8.2617  9  0.01 Unit root Reject (H0) StaƟonary 
1000  -10.439  9  0.01 Unit root Reject (H0) StaƟonary 
Source: Authors’ computaƟon aided by R package v 4.1.1   

Table 2: AIC and BIC values for GARCH (p,q) model when the error distribuƟon is normal 

 AIC BIC 

ampl
e size  

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

200 2.72461
3 

2.73456
5 

2.73334
4 

2.74334
4 

2.79057
9 

2.81702
3 

2.81580
2 

2.84229
4 

400 2.93433
8 

2.93932
8 

2.93932
8 

2.94432
8 

2.97425
2 

2.98922
2 

2.98922
2 

3.00420
0 

600 2.95833
0 

2.96166
4 

2.96166
4 

2.96499
7 

2.98764
3 

2.99830
5 

2.99830
5 

3.00896
7 

800 2.95482
5 

2.95709
7 

2.95709
7 

2.95959
7 

2.97824
8 

2.98637
5 

2.98637
5 

2.99473
1 

1000 2.82146
4 

2.82346
4 

2.82346
4 

2.82538
6 

2.84109
5 

2.84800
3 

2.84800
3 

2.85483
2 

Source: Authors’ computaƟon aided by R package v 4.1.1  

Table 3: ADF test for unit root test with respect to sample sizes for GED data. 

 
Sample  size  Test values  Lag order  p-value   Hypothesis Decision  Remark 

 
200  -5.6255  5  0.01 Unit root Reject (H0) StaƟonary 
400  -7.2078  7  0.01 Unit root Reject (H0) StaƟonary 
600  -7.5726  8  0.01 Unit root Reject (H0) StaƟonary 
800  -8.8061  9  0.01 Unit root Reject (H0) StaƟonary 
1000  -10.144  9  0.01 Unit root Reject (H0) StaƟonary 
Source: Authors’ computaƟon aided by R package v 4.1.1   
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Table 4 AIC and BIC values for GARCH (p,q) model when the error is non-normally distributed 
(GED)  

 AIC BIC 

Sampl
e size  

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

200 2.18148
2 

2.69136
5 

2.69141
2 

2.69441
3 

2.44744
9 

2.77382
3 

2.77387
0 

2.79336
2 

400 2.79329
3 

2.79809
0 

2.79749
1 

2.80249
1 

2.83320
7 

2.84798
3 

2.84738
4 

2.86236
3 

600 2.76850
6 

2.77183
3 

2.77061
2 

2.77184
6 

2.79781
9 

2.80847 2.80725
3 

2.81581
5 

800 2.86592
4 

2.26566
4 

2.86824
5 

2.86816
4 

2.88934 2.59494
3 

2.89770
4 

2.90329
9 

1000 2.74639
4 

2.74819
5 

2.74839
4 

2.68019
5 

2.76602
5 

2.77273
4 

2.77293
3 

2.77964
2 

Source: Authors’ computaƟon aided by R package v 4.1.1   

 

Table 5: shows the esƟmated parameters and diagnosƟc of GARCG (1,1)-GED model. 

 
Parameters     Generalized error distribuƟon   p-values 

 
Ω      1.439e^-01    0.0374* 
α1      1.000e^-04    0.0472** 

β1      1.000e^+00    <2e^-16*** 

ARCH(1)- LM test     5.893    
 0.0092 
Q2 (15)      27.6709    
 0.0237 
Source: Authors’ computaƟon aided by R package v 4.1.1   

Note: (*), (**) and (***) denote significance at 1%, 5% and 10% respecƟvely.   
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Table 7:AIC and BIC values for GARCH (p,q) model when the error is non-normally 
distributed (log-normal distribuƟon)  

 AIC BIC 

Sampl
e size  

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

GARCH 
(1,1) 

GARCH 
(1,2) 

GARCH 
(2,1) 

GARCH 
(2,2) 

200 2.97554
2 

2.48920
8 

2.95852
9 

2.46082
8 

2.98150
7 

2.92166
6 

2.90837 2.65977
7 

400 2.86428
7 

2.36234
6 

2.69754
0 

2.37475
4 

2.41801 2.88984
0 

2.93948 2.53462
6 

600 2.06488
7 

2.06994
6 

2.06975
4 

2.07475
4 

2.10480
1 

2.11984
0 

2.11964
8 

2.13462
6 

800 1.95930
3 

1.06177
8 

2.86117
2 

2.35959
7 

2.88272
6 

1.20105
7 

2.89045
0 

2.49473
1 

1000 1.67412
6 

1.57610
0 

1.87544
8 

1.87744
8 

1.79375
7 

1.25063
9 

1.88798
7 

1.90689
5 

 

 

Table 8: shows the esƟmated parameters and diagnosƟc od GARCG (1,2)-log-normal model 

 
Parameters     Generalized error distribuƟon   p-values 

 
Ω      1.690933    <2e-16*** 
α1      0.420181    0.0411* 

β1      0.004158    <2e^-16*** 

β2      3.6338     0.0002** 
ARCH(1)- LM test     5.893    
 0.09673 
Q2 (15)      27.6709    
 0.0237 
Source: Authors’ computaƟon aided by R package v 4.1.1   

Note: (*), (**) and (***) denote significance at 1%, 5% and 10% respecƟvely 
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Table 10: StaƟonarity Test for The Data  

 
Difference Test values  Lag order  p-value   Hypothesis Decision  Remark 

 
0  -2.8908  3  0.2272 Unit root Reject (H1) Not 
StaƟonary 

1st  -2.7739  3  0.2732 Unit root Reject (H1) Not 
StaƟonary 
2nd  -3.6421  3  0.0447 Unit root Reject (H0) StaƟonary 
Source: Authors’ computaƟon aided by R package v 4.1.1   
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Table11: esƟmated parameters for GARCH(1,1) model with  log-normal distribuƟon 

 
     EsƟmated parameters    

 
Parameters    LN   Std, Error   p-value 

Ω    0.0146   0.0828    0.0001**
  

α1    0.0321   0.1578    0.0082* 

β1    0.0355   0.0808    0.0007*
        

Note: (*), (**) and (***) denote significance at 1%, 5% and 10% respecƟvely.   
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Table 12 esƟmated parameters for GARCH(1,2) model with  log-normal distribuƟon 

 
     EsƟmated parameters    

 
Parameters    LN   Std, Error   p-value 

Ω    0.0147   0.0828              0.0201**
  

α1    0.0425   0.1878    0.0022** 

β1    0.0355   0.1208    0.0001*** 
β2    0.365   0.690    0.0028* 

Note: (*), (**) and (***) denote significance at 1%, 5% and 10% respecƟvely.   

table 13: the percent error of MSE and AMSE for the selected mode 

 
Step ahead     MSA     AMSE 

 
Ω1      0.002     0.489 
10      0.591     0.985  

20      0.631     0.625 

35      0.732     0.639 

Source: Authors’ computaƟon aided by R package v 4.1.1   

 

This study has been established a modified GARCH for modelling and forecasƟng the stock 
exchange market evidence for Nigeria for period of 1985 to 2019.  In table 4.1 the result reveal 
that there is staƟonarity at second difference because the ADF test staƟsƟc has more negaƟve 
than the criƟcal value and the p-value is less than 5% error i.e the unit root hypothesis is 
rejected. Also table 2 shows the the AIC and BIC values for the GARCH (p,q)-N at different 
sample sizes it reveals that GARCH(1,1)-N has the smallest informaƟon criterion for both AIC 
and BIC and all the coefficients are significant therefore, GARCH (1,1)-N is the best model. Also 
table 4.3 shows the ADF unit root test for GARCH (p,q)-GED from the results we conclude that 
the series is staƟonary at each selected sample. We reject the null hypothesis. In the same 
vain from table 4 shows the AIC and BIC values for GARCG (p,q)-GED from the results it shows 
GARCH (1,1)-GED has the smallest informaƟon criterion and also table 5 shoes the LM test 
and Ljung-Box Q2  are all significant we conclude that is the best model for forecasƟng.  

Table 6 shows ADF unit root test for log-normal data, the result indicate that the data is 
staƟonary at each selected sample size. We reject the null hypothesis and conclude that the 
staƟonarity assumpƟon is made. Also 7 shows the AIC and BIC values as its shows when the 
sample size increasing the informaƟon criterion values is decreasing, we conclude that 
GARCH(1,2)-LN has smallest informaƟon criterion value and its best for fiƫng and forecasƟng 
also the LM test and Ljung-Box Q2 of the selected order are significant from table 8. we 
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conclude that order 1,1 and 1,2 are the best for the forecasƟng based on the informaƟon 
criterion and the configuraƟon test.   

 SecƟon 4.2 form table 9 shows the volaƟlity fiƫng and forecasƟng of the simulated 
data with the selected order of the model. The MSE and the AMSE of the forecasted model 
shows that the GARCG (p,q)-LN has a minimum MSE and AMSE at each step ahead of the 
forecast therefore we conclude that the GARCH(p,q)-LN is the best for fiƫng and forecasƟng 
the stock market data.  

Table 10 shows the staƟonarity test for the Nigerian stock market data. The results reveal that 
the data became staƟonary at second difference that is, the p-value is less than 5% and the 
test staƟsƟcs has most negaƟve therefore, we reject the null hypothesis and conclude that the 
staƟonarity assumpƟon was made. Table 11 and 12 shows the esƟmated parameters for the 
selected model that is GARCH (p,q)-LN where p,q=1,2. it shows all the parameters of the 
model are significant at alpha level there for we do not reject the null hypothesis for all  
parameters. Also 13 shows the MSE and the AMSE for the forecasted data at different step 
ahead forecast and for each step the model has a minimum MSE and AMSE. 

 Conclusion  

The simulaƟon results revealed that GARCH with non-normal distribuƟon could further 
improve volaƟlity forecasƟng performance and provide beƩer forecast than the univariate 
GARCH model. The empirical results also confirm that considering the alternaƟve error 
distribuƟon in GARCH model with non-normal error distribuƟon tend to outperform a model 
with normal error distribuƟon therefore the non-normal error distribuƟon such as Log-normal 
distribuƟon in a GARCH model have demonstrated an ability to enhance the accuracy of 
volaƟlity forecasƟng. 

 Recommendation 

Based on the above results, the following recommendaƟons were made;  

 Recommended how to determine order of GARCH model with the error term is 
not normally distributed. 

 The GARCH with lognormal distribution tend to outer perform in fitting and 
forecasting the stock exchange data 

 Extension of models such as EGARCH and TGARCH with non-normal distribution or 
other models to compare with can also be area of interest. 
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